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Randomness analysis of chaotic
sequences by permutation entropy

Bocheng Liu2, Lingfeng Liu2

Abstract. Permutation entropy is a widely used criterion in evaluating the randomness

of sequences. In this paper, we use permutation entropy to evaluating the randomness of two

kinds of popular chaotic maps, Tent map and Logistic map. The interesting results show that the

permutation entropy of chaotic iterative sequences generated by these two chaotic maps is much

smaller than the permutation entropy of ideal random sequences, which means that the chaotic

iterative sequences can not be regarded as random sequences. Both theoretical and numerical

methods are provided to prove this conclusion.
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1. Introduction

Pseudorandom bit sequences are widely used in a large amount of di�erent sci-
enti�c �elds, such as spread spectrum communications and cryptography [1]. At the
beginning, pseudorandom bit sequences are always generated by using linear alge-
bra theory, eg, linear feedback shift register or linear congruential method. However,
some researches show that this kind of pseudorandom bit sequence would be attacked
due to its inner linear structure. Therefore, using a nonlinear source for pseudoran-
dom bit sequences generation is the major idea.

The chaotic system, which performs complex dynamical characteristics, such as
highly sensitive to its initial condition and parameters, unpredictability and random-
ness, et al, is regarded as a new kind of pseudorandom source in the generation of
pseudorandom bit sequences. In practical applications, the one-dimensional chaotic
maps are the most widely used ones for their simple structures [2-4], which are easy
to implement.
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The most important criteria to judge whether a pseudorandom sequence can be
used is its randomness. Until now, some statistical test suites for randomness test
are proposed, notably, FIPS140-1, Crypt-XS, SP800 and recently, TestU01. In 2002,
Bandt proposed a new natural complexity measure for time series/sequences, called
permutation entropy (PE) [5]. PE compares the size of some consecutive values in
the sequence, and summed up di�erent order types, then use Shannon's entropy to
measure the uncertainty of these ordering. This new complexity measure is easily
implemented and is computationally much faster than other comparable methods,
such as Lyapunov exponents, while also being robust to noise [6], which makes it as a
popular criterion in evaluating the characteristics of sequences [7-10]. [7] uses PE to
investigate the complexities of di�erent tra�c series. [8] uses PE to characterize the
complexity of chaotic signals generated by an external-cavity semiconductor laser.
PE are used to analyze �uctuating time series of three di�erent turbulent plasmas
in [9]. [10] develops a method based on PE to characterize electrocardiograms and
electroencephalographic records from di�erent stages in the treatment of a chronic
epileptic patient, et al.

In this paper, we use PE to evaluate the randomness of two kinds of popular one-
dimensional chaotic maps, Tent map and Logistic map. Although some studies on
these maps have already existed, they only consider the situation with order m = 2
[11]. In this paper, we extend the analysis of these two maps to order m = 3, and to
> 3 as well. The interesting results show that the PE of chaotic iterative sequences
generated by these two chaotic maps are much smaller than the PE of ideal random
sequences, which means that the chaotic iterative sequences cannot be regarded
as random sequences in this sense. This result is contradictory with our general
view that chaotic map is randomness. Both theoretical and numerical methods are
provided to prove this conclusion. This conclusion shows that the chaotic iterative
sequences can not be regarded as ideal random sequences for practical uses.

The rest of this paper is organized as follows. Some preliminaries for chaotic map
and PE are introduced in Section 2. The PE of iterative sequences by Tent map
and Logistic map are analyzed in Section 3 and 4, respectively. Finally, Section 5
concludes the whole paper.

2. Preliminaries

Perhaps the simplest mathematical objects that can display chaotic behavior are
a class of one-dimensional maps [12], which can be described as follows.

xk+1 = f(xk) = fk+1(x0) (1)

where, xk is the state variable, x 0 is an arbitrary initial value, f : I I is the mapping
function, where I denotes an interval. fn(x 0), n=0, 1, 2, ..., means n times of
iterations by using function f from initial value x 0. Once we select an initial value
x 0, we can generate a sequence {fn(x0)}∞n=0according to Eq. (1). We call this
sequence a chaotic iterative sequence if function f is chaotic on interval I. Almost
all the chaotic iterative sequences perform high dynamical complexity except for a
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set with Lebesgue measure zero.
Now, we brie�y review the descriptions of PE in [14]. PE compares the size

of some consecutive values in the sequence, and summed up di�erent order types,
then use Shannon's entropy to measure the uncertainty of these orderings. The
mathematical de�nition is as follows.

De�nition 1 [14]: Consider a time series {xt}t=1,...,T . We study all m! permuta-
tionsM of order m which are considered here as possible order types of m di�erent
numbers. For each M we determine the relative frequency (# means number)

p(M) =
#{t|t ≤ T −m, (xt+1, ..., xt+m) has typeM}

T −m+ 1

This estimates the frequency of M as good as possible for a �nite series of values.
The permutation entropy of orderm 2 is de�ned asH(n) = −

∑
p(M) log p(M)where

the sum runs over all m! permutationsM of order m.
The following example maybe helpful in understanding this de�nition.
Example: Consider a time series/sequence with eight values x = (2.14, 3.48, 5.09,

4.11, 8.65, 8.97, 3.95, 9.26). First, we take order m = 2. Comparing the seven pairs
of neighbors, then we have 2.14 < 3.48, 3.48 < 5.09, 5.09 > 4.11, 4.11 < 8.65, 8.65
< 8.97, 8.97 > 3.95 and 3.95 < 9.26. In total, there are �ve of seven satisfy xi<xi+1,
and two of seven satisfy xi<xi+1. Then, according to de�nition 1, the PE of order m
= 2 can be calculated as �(5/7)log(5/7) � (2/7)log(2/7) 0.5983. Then, we can take
order m = 3. Now we should compare the order of three consecutive values. (2.14,
3.48, 5.09) and (4.11, 8.65, 8.97) satisfy xi<xi+1<xi+2; (3.48, 5.09, 4.11) satis�es
xi<xi+2<xi+1; (5.09, 4.11, 8.65) and (8.97, 3.95, 9.26) satisfy xi+1<xi<xi+2; (8.65,
8.97, 3.95) satis�es xi+2<xi<xi+1. Then, according to de�nition 1, the PE of order
m = 3 can be calculated as �2(1/6)log(1/6) � 2(2/6)log(2/6) 1.3297. Furthermore,
PE of order m = 4, 5, ... can also be calculated similarly.

It is clear that for an ideal random sequence, all kinds of possible permutations
will appear with the same probability. Thus, the PE of an ideal random sequence
will approach to the maximum value logm!. This is a value which is related to order
m.[14] recommends the selection of order m be 3, 4, 5, 6 and 7. In practical uses,
the following normalized PE is always used

PE = PE(m)/ logm!

Normalized PE is a independent with order m. For an ideal random sequence, no
matter how much the order m is, PE will closely approach to value 1. On the other
hand, a sequence with PE much smaller than 1 can not be regarded as a random
sequence.
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3. Pe of tent map

Tent map is a kind of piecewise linear map with its mathematical model described
as follows

xk+1 = f(xk) =

{ xk

h , 0 < xk < h
1−xk

1−h , h < xk < 1
(2)

where, 0 <h <1 is the control parameter. The most excellent property of Tent map
for practical uses is that the chaotic iterative sequence is uniformly distributed in
the interval [0, 1], for each parameter h.

Now, we consider the PE of chaotic iterative sequences by Tent map.
Order m = 2
For m = 2, we should compare the order of all neighbors. Choose an arbitrary x,

by comparing the order of x and f (x ), we have that the critical condition x = f (x )
holds ifx = 1

2−hThen, if x [0, 1/(2�h)], we have x<f (x ); Else, if x,[1/(2�h), 1], we
have x>f (x ). Due to the uniform distribution property of Tent map, according to
de�nition 1, the PE of order m = 2 can be calculated as

PE = − 1

2− h
log(

1

2− h
)− (1− 1

2− h
) log(1− 1

2− h
) = log(2−h)− 1− h

2− h
log(1−h)

(3)
The relationship between normalized PE of order m = 2 and parameter h is

plotted in Figure 1. In Figure 1, The blue dots present the PE values of order m =
2 for actual sequences of Tent map, the red line is the theoretical curve of Eq. (3),
and the green line is the ideal value of PE for ideal random sequences. From Figure
1 we have that the numerical values are extremely close to the theoretical curve.
With the growth of parameter h, the PE will decrease. The PE is close to the ideal
PE line only with h approaches to zero. The reason is that the size of intervals [0,
1/(2�h)] and [1/(2�h), 1] is di�erent for h> 0.

Fig. 1. Figure 1

Figure 1 Relationship between normalized PE of order m = 2 and parameter h
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Fig. 2. Figure 2

for Tent map. The blue dots present the PE values for actual sequences of Tent
map, the red line is the theoretical curve of Eq. (3), and the green line is the ideal
value of PE for ideal random sequences.

2) Order m = 3
Once we take m = 3, we should compare the order of three consecutive values.

For an arbitrary x, in order to compare the order of x, f (x ) and f 2(x ), we should
�rst determine the order of f (x ) and h, for the piecewise linear characteristic of
Tent map. Let f (x ) <h, we can derive that 0 <x<h2 or 1 �h + h2<x< 1. Then,
according to the order of three critical values h2, h and1 �h + h2, we can divide the
while interval [0, 1] into four sub-intervals, [0, h2], [h2, h], [h,1 �h + h2] and [1 �h
+ h2,1].

If x [0, h2], for any x, we have f (x ) = x/h and f 2(x ) = x/h2. Obviously, we can
derive the order x <f (x ) <f 2(x ) for 0 <h< 1.

If x [h2, h], for any x, we have f (x ) = x/h and f2(x) = 1−x/h
1−h .

Obviously, x <f (x ) always holds. Next we compare the order of x, f 2(x ) and
f (x ), f 2(x ).

Assume f (x ) <f 2(x ), we have x <h/(2�h). Moreover, assume x <f 2(x ), we have
x <h/(1+h�h2). Due to 0 <h< 1, we have that h2<h/(2�h) <h/(1+h�h2) <h.
Therefore, if x ∈ [h2, h/(2�h)], the order satis�es x <f (x ) <f 2(x ); If x,[h/(2�h),
h/(1+h�h2)], the order satis�es x <f 2(x ) <f (x ); If x,[h/(1+h�h2), h], the order
satis�es f 2(x ) <x<f (x ).

If x [h,1 �h + h2], for any x, we have f(x) = 1−x
1−h , f2(x) =

1− 1−x
1−h

1−h = x−h
(1−h)2

In this sub-interval, once x <f (x ), then there must have f (x ) >f 2(x ). On the
contrary, there must have f (x ) <f 2(x ). Thus, we only need to compare the orders
of x, f (x ) and x, f2(x ).

Assume x <f (x ), we have x< 1/(2�h); Moreover, assume x<f 2(x ), we have
x> 1/(2�h). Due to 0 <h< 1, we have h< 1/(2�h) < 1 �h + h2. Therefore, if
x??[h, 1/(2�h)], we have the order f 2(x ) <x <f (x ); If x [1/(2�h), 1 �h + h2],
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we have the order f (x ) <x <f 2(x ).Finally, if x [1 �h + h2,1], for any x, we have
f(x) = 1−x

1−h , f2(x) = 1−x
h(1−h)

In summary, for any x, if xI1, we have x < f(x) < f2(x); if xI2, we have x < f2(x)
< f(x); if xI3, we have f2(x) < x < f(x); if xI4, we have f(x) < x < f2(x); and if xI5,
we have f(x) < f2(x) < x, where I1, I2, I3, I4 and I5 are presented as

I1 = [0,
h

2− h
]I2 = [

h

2− h
,

h

1 + h− h2
]I3

= [
h

1 + h− h2
,

1

2− h
], I4 = [

1

2− h
,

1

1 + h− h2
]I5

= [
1

1 + h− h2
, 1]

Due to the uniform distribution property of Tent map, according to de�nition 1,
the PE of order m = 3 can be calculated as

T =
ab

2
ω2

∫
A

h(ξ)ρw2 dA (4)

By using Eq. (4), we can derive that the PE has reached its maximum when h

0.382. The relationship between normalized PE of order m = 3 and parameter h is
plotted in Figure 2. In Figure 2, The blue dots present the PE values of order m =
3 for actual sequences of Tent map, the red line is the theoretical curve of Eq. (4),
and the green line is the ideal value of PE for ideal random sequences. From Figure
2 we have that the numerical values are also extremely close to the theoretical curve.
With the growth of parameter h, the PE will �rst increase, and then decrease after
reaching the maximum value. The maximum value of PE is still lower than the ideal
value 1. The following two reasons induce this conclusion.

1. For m = 3, there should have 3! = 6 types of order for an ideal random
sequence. However, only 5 types of order appear in the chaotic iterative sequences
of Tent map. The order x > f (x ) >f 2(x ) never appears.

2. The size of intervals I 1, I 2, I 3, I 4 and I 5 are di�erent from each other, which
makes the frequency of each type of order di�erent.

Figure 2 Relationship between normalized PE of order m = 3 and parameter h
for Tent map. The blue dots present the PE values for actual sequences of Tent
map, the red line is the theoretical curve of Eq. (4), and the green line is the ideal
value of PE for ideal random sequences.

3) Order m> 3
Similarly, PE of order m> 3 can also be theoretically calculated by using the

above method. Since it is getting harder for mathematical calculations, here, we
use numerical simulation by Matlab for PE analysis. The relationship between
normalized PE of order m = 2, 3, ... , 10 with parameter h is shown in Figure 3.

From Figure 3, we know that the whole PE curve gradually decreases with the
order m increases. PE reaches its maximum value when h = 0.5 for large m, which
is consistent with the chaotic characteristics of Tent map (The Lyapunov exponent



RANDOMNESS ANALYSIS OF CHAOTIC SEQUENCES 833

reaches its maximum value when h = 0.5). [14] recommends the selection of order
m be 3, 4, 5, 6 and 7, from Figure 3 we can see that the PE values are much smaller
than the ideal value 1, which means that the chaotic iterative sequences can not
be regarded as ideal random sequences in this sense. This result is in contradiction
with the pseudorandom property of chaotic maps.

Fig. 3. Figure 3

Fig. 4. Figure 4

Figure 3 Relationship between normalized PE of orderm = 2 to 10 and parameter
h for Tent map. The blue curves present the PE of order 2 to 10 from top to bottom,
the green line is the ideal value of PE for ideal random sequences.
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4. Pe of logistic map

In this section, we analyze the PE of following zero-mean Logistic map

xk+1 = g(xk) = 1− rx2k (5)

where, r is the control parameter. When r = 2, Eq. (5) is bounded in the interval
[�1, 1], and has excellent ergodicity. In this paper, we set r = 2. Statistically, the
iterative value satis�es the following probability density function p(x) = 1

π
√
1−x2

Now we analyze the PE of the chaotic iterative sequences by Eq. (5). First, we
consider the case of m = 2. Compare the order of x and g(x ). The critical condition
x = g(x ) holds when x = 1/2. Therefore, when x [�1, 1/2], we have x<g(x ); When
x [1/2, 1], we have x>g(x ). According to its probability distribution, for any x, the
probability of x<g(x ) holds can be written as

p1 =

∫ 1/2

−1

1

π
√
1− x2

=
1

π
arcsinx|1/2−1 =

2

3

Then, the probability that x>f (x ) holds is 1/3. According to the de�nition of PE,
the PE of order m = 2 can be calculated as

PE = −(1/3) log(1/3)− (2/3) log(2/3) = 0.6365 (6)

Then, we consider the case of m = 3. In this case, we should compare the order of
three consecutive values. For any x, we have

g(x) = 1− 2x2, g2(x) = 1− 2(1− 2x2)2 = 8x2 − 8x4 − 1

Assume x<g(x ), we have �1 <x< 1/2. Assume g(x ) <g2(x ), we have �1 <x<�1/2
or 1/2 <x< 1.

Next, we compare the order of x and g2(x ). Construct a new function as follows,
G(x) = 8x2 − 8x4 − 1− x

Let G(x ) = 0, we can get four critical values. They are x1 = −1, x2 =
1−
√
5

4 , x3 = 1/2, x4 = 1+
√
5

4 , from small to large, respectively. Thus, if x [x 1,
x 2]∪[x 3, x 4], the order x<g

2(x ) holds; If x,[x 2, x 3]∪[x 4, 1], the order x>g
2(x ) holds.

In summary, for any x, if xU1, we have x < g(x) < g2(x); if xU2, we have x <
g2(x) < g(x); if xU3, we have g2(x) < x < g(x); if xU4, we have g(x) < x < g2(x);
and if xU5, we have g(x) < g2(x) < x, where U1, U2, U3, U4 and U5 are presented
as

U1 = [−1,−1/2]U2 = [−1/2, 1−
√
5

4
]

U3 = [
1−
√
5

4
, 1/2], U4 = [1/2,

1 +
√
5

4
]U5 = [

1 +
√
5

4
, 1]

According to its probability distribution, the probability of an arbitrary x located in
each interval can be written as pi =

∫
Ui

1
π
√
1−x2

where i = 1, 2, 3, 4 and 5. Therefore,
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according to the de�nition of PE, the PE of order m = 3 can be calculated as

PE = −
5∑
i=1

pi log pi ≈ 1.4898 (7)

As with the Tent map, only 5 types of order appear in the chaotic iterative se-
quences of the Logistic map. The order x>g(x ) >g2(x ) never appears. Furthermore,
the probability of each type of order is di�erent from each other. These two reasons
make the PE much smaller than the ideal PE value of ideal random sequences.

Finally, we consider the case with a larger m. Choose m from 2 to 13, the
normalized PE is plotted in Figure 4 with the growth of order m.

Figure 4 The relationship between normalized PE and order m for Logistic map.
Figure 4 indicates that the normalized PE gradually decreases with the growth of
order m, which becomes far away from the ideal normalized PE value 1 of random
sequences. This result means that the chaotic iterative sequences of Logistic map
also can not be regarded as random sequences as Tent map.

5. Conclusion

In this paper, both theoretical and numerical methods are used to analyze the
PE of chaotic iterative sequences of two kinds of one-dimensional chaotic maps,
Tent map and Logistic map. The results indicate that for any order m, The PE
of chaotic iterative sequences are much smaller than the ideal PE of completely
random sequences. In this sense, the chaotic iterative sequences can not be regarded
as ideal random sequences, which is contradict with the pseudorandom property of
chaotic map. The authors believe that PE should be an important criteria in the
randomness test. Otherwise, some information may be lost due to the non-uniform
distribution of order types. In future work, we will study the deciphering method of
time series based on PE.
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